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1 Introduction

2 Previous Research

Before starting this proposal, it is important to clarify the coordinate systems
used. Both the world axis and body axis will follow the NED convention. The
most important statement here is that down will be the positive z-axis direction.

This proposal aims to combine two previously established controllers to cre-
ate an adaptive quadrotor controller.

The controller will be first and foremost be based on the geometric tracking
control proposed by Taeyoung Lee[1]. This controller is based on the dynam-
ical model of the quadrotor, and uses proportional error feedback in both the
translational and rotational variables to control both the vehicle’s position and
orientation. The errors are defined as follows.

ex = x− xd (1)

ev = v − vd (2)

eR =
1

2
(RT

dR−RTRd)
∨ (3)

eΩ = Ω−RTRdΩd (4)

The vee map ∨ : so(3) → R3 in equation 3 is defined as the inverse of the
hat map.

From the desired trajectory and orientation xd(t), b⃗1d(t), the desired orien-
tation Rd ∈ SO(3) can be calculated as follows.

b⃗3d =
−kxex − kvev −mge3 +mgẍd
| − kxex − kvev −mge3 +mgẍd|

(5)

From this equation we can then create the desired orientation as follows.

Rd =
[⃗
b2d × b⃗3d, b⃗2d, b⃗3d

]
(6)

where

b⃗2d =
b⃗3d × b⃗1d

|⃗b3d × b⃗1d|
(7)

The control inputs are then given as follows

f = −(−kxex − kvev −mge3 +mẍd) ·Re3 (8)
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M = −kReR − kΩeΩ +Ω× JΩ− J(Ω̂RTRdΩd −RTRdΩ̇d) (9)

This controller is made adaptive using the natural adaptive control law pro-
posed by Taeyoon Lee[2]. This is an adaptive control method that aims to
improve performance by respecting the physical consistency of estimated iner-
tial parameters.

Inertial parameters are often put in a 10 dimensional vector ϕb ∈ R10 of the
following form.

ϕb = [m,hx, hy, hz, Ixx, Iyy, Izz, Ixy, Iyz, Ixz] ∈ R10 (10)

While this is the most intuitive form to organize these parameters, using this
vector directly during optimization causes problems because the set of physically
consistent ϕb is a subset of R10. Not only does the IC with respect to the
center of mass have to be positive definite, but a triangle inequality between
the eigenvalues of IC must hold as well.

This cumbersome requirement can be turned into a much simpler require-
ment by converting ϕb into a 4 × 4 matrix. Define a 4 × 4 symmetric matrix
Pb ∈ S(4) as follows

Pb =

∫ [
r⃗b
1

]
(

[
r⃗b
1

]
)T ρ(r⃗b)dVb =

[
Σb hb
hTb m

]
(11)

Where Σb = 1
2 tr(Ib)1 − Ib. It is shown in [3] that the physical consistency

requirement is equivalent to Pb ≻ 0 as in being positive definite. A one to one
linear mapping f : R10 → S(4) exists where f(ϕb) = Pb

This essentially means that the set of all physically consistent parameters is
equivalent to a manifold M ≃ P(4). Based on the Riemannian geometry of this
manifold, a new geodesic based distance metric can be defined[2]. For P ∈ P(4)
and tangent vector X,Y ∈ TPP(4) a coordinate invariant Riemannian metric
invariant is given by

⟨X,Y ⟩P =
1

2
tr(P−1XP−1Y ) (12)

The geodesic distance between two P1, P2 ∈ P(4) is then as follows

dP (4)(P1, P2) =
( n∑
i=1

(log(λi))
2
) 1

2

(13)

Which means the distance metric between two inertial parameters can be
defined as the following.

dM(1ϕb,
2 ϕb) = dP (4)(

1Pb,
2 Pb) (14)

However, using this metric to construct Lyapunov functions is not practical
due to the its non-linearity. Instead, [2] proposes using the Bregman divergence
of a log-det function F (P ) = −log(det(P )) on P(4) as a distance metric. It is
defined as follows.

DF (P (4))(P ||Q) = log(
det(Q)

det(P )
) + tr(Q−1P )− 4 =

4∑
i=1

(− log(λi) + λi − 1) (15)

Where λi are the eigenvalues of Q−1P .
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The original control law in [2] was based on existing controllers whose time
derivative of the trajectory error Lyapunov function is in the following form.

V̇t ≤ ϕ̃T b (16)

However, [4] has demonstrated that controllers can be designed even if equa-
tion 16 doesn’t hold. It designed an adaptive attitude controller based on the
geometric controller of [1] while using the Bregman divergence as a distance
metric for adaptive control.

3 Proposal

The main proposal of this paper is to extend the work of [4] to create an adaptive
controller that controls both attitude and trajectory. This will be done by
combining the geometric tracking control from [1] with the Bregman divergence
adaptive scheme of [2].

An error from [4] must first be stated. It uses the Bregman divergence
metric on a vector consisting of the inertial parameters, and not the whole 4×4
converted inertial parameter matrix. Bregman divergence was formulated on a
manifold consisting of the positive definite matrices in S(4). Therefore, it is the
judgement of this report that this is an incorrect use of Bregman divergence.

However, the overall mathematical structure is correct and therefore, it will
be utilized in the creation of the combined controller.

The adaptive controller is as follows.

f = −(−kxex − kvev − m̂ge3 + m̂gẍd) ·Re3 (17)

M = −kReR − kΩeΩ +Ω× ĴΩ− Ĵ(Ω̂RTRdΩd −RTRdΩ̇d) (18)

Let’s first start with the Lyapunov functions used in the creation of the
geometric tracking controller. The Lyapunov stability analysis for this controller
was done separately for translation and rotation. The Lyapunov function for
translation is V1 and the one for rotation is V2. That makes the overall Lyapunov
function V = V1 + V2. The value of these functions are as follows.

V1 =
1

2
kx|ex|2 +

1

2
m|ev|2 + c1ex · ev (19)

V2 =
1

2
eΩ · JeΩ + kRΨ(R,Rd) + c2eR · JeΩ (20)

The third term of V2 has been modified in accordance with [4] to simplify
the math later on.

Because we have defined a new control law, a new Lyapunov function will be
necessary. The Lyapunov function for the new adaptive control law is defined
to be the same as the Lyapunov function for the geometric tracking controller,
except for the addition of the Bregman divergence term. Mathematically, it
looks like the following

V̂ = V1 + V2 +DF (P (4))(P ||P̂ ) (21)
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The time derivative of a Lyapunov function is crucial for Lyapunov analy-
sis. In order to simplify the derivatives of the above Lyapunov functions, the
following relations will be utilized.

ėx = ev (22)

mėv = −kxex − kvev −X + (m̂−m)(ẍd − ge3) (23)

where

X =
f

eT3 R
T
dRe3

((eT3 R
T
3 Re3)Re3 −Rde3) (24)

ėR =
1

2
(tr[RTRd]I −RTRd)eΩ = C(RT

dR)eΩ (25)

JėΩ = −kR − kΩ + Y ( ˆ̄J − J̄) (26)

Ψ̇(R,Rd) = eΩ · eR (27)

Here Y = Y1 + Y2 ∈ R3×6 and J̄ ∈ R6 is defined to linearize equation 26 in
relation to the moment of inertia.

Y1 =

 0 ω2ω3 −ω2ω3 ω1ω3 −ω1ω2 ω2
3 − ω2

2

−ω1ω3 0 ω1ω3 −ω2ω3 ω2
1 − ω2

3 ω2ω1

ω1ω2 −ω2ω1 0 ω2
2 − ω2

1 ω3ω2 −ω3ω1

 (28)

Y2 =

α1 0 0 α2 α3 0
0 α2 0 α1 0 α3

0 0 α3 0 α1 α2

 (29)

where α = Ω̂RTRdΩd −RTRdΩ̇d ∈ R3

J̄ =
[
Jxx Jyy Jzz Jxy Jxz Jyz

]
(30)

Note that equation 23 and 26 contain terms at the end that arise from the
difference between estimated inertia and real inertia. In the original geometric
tracking controller, such terms did not exist. In fact, in [1] the derivative of the
Lyapunov function looked as follows.

V̇1 = (c1 − kv)|ev|2 −
c1kx
m

|ex|2 −
c1kx
m

ex · ev −X · (c1
m
ex + ev) (31)

V̇2 = −kΩ|eΩ|2 + c2C(R,Rd)eΩ · JeΩ − c2kR|eR|2 − c2kΩeR · eΩ (32)

It has been shown that given a sufficiently small but positive c1 and c2,
with the initial attitude error being less than 90 deg, the translation error and
attitude error both exponentially converge to zero[1]. This means the Lyapunov
functions V, V1 and V2 directly prove the exponential stability of the system.

Under the dynamics created by the new adaptive controller, the derivative
of the Lyapunov function V̂ is as follows.

˙̂
V = V̇1+V̇2+(

c1
m
ex+ev)·(m̂−m)(ẍd−ge3)+(eΩ+c2eR)·Y (Ĵ−J)+ḊF (P (4))(P ||P̂ )

(33)
where

ḊF (P (4))(P ||P̂ ) = tr(P̂−1 ˙̂
P + P̂−1 ˙̂

PP̂−1P ) = tr([P̂−1 ˙̂
PP̂−1](P̂ − P )) (34)
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In order to simplify the notation, the following two error definitions e1, e2 ∈
R3 will be used.

e1 =
c1
m
ex + ev (35)

e2 = eΩ + c2eR (36)

The tilde notation will also be used for denoting the difference between the

estimated and actual values, meaning m̃ = m̂−m and ˜̄J = ˆ̄J − J̄ .
To organize this further, Lyapunov function terms related to the inertial

parameter error will be organized into the following form.

e1 · (m̃)(ẍd − ge3) + e2 · Y ( ˜̄J) = tr(BP̃ ) (37)

The specific value of B is as follows. First, a column vector Z ∈ R6 will be
defined as Z = eT2 Y . Then define B ∈ R4×4 is defined as follows

B =


Z2 + Z3 − 1

2Z4 − 1
2Z5 0

− 1
2Z4 Z1 + Z3 − 1

2Z6 0
− 1

2Z5 − 1
2Z6 Z1 + Z2 0

0 0 0 e1 · (ẍd − ge3)

 (38)

Based on these new definitions, the Lyapunov function derivative now be-
comes

˙̂
V = V̇1 + V̇2 + tr(BP̃ + [P̂−1 ˙̂

PP̂−1]P̃ ) (39)

The parameter update rule can then be set as the following

˙̂
P = −P̂BP̂ (40)

This eliminates the last term from the Lyapunov function dynamics, making

it
˙̂
V = V̇1 + V̇2. Following from [1], this means that the zero equilibrium of the

tracking error are exponentially stable.
In conclusion this means the new control laws equations 19 and 20 combined

with the inertial parameter update law equation 40 creates an adaptive control
law that makes the zero equilibrium of the tracking error are exponentially
stable.

4 Simulation

A simulation of the control law was performed using Matlab. The simulation
involved making the quadcopter follow a trajectory in the form of a Lissajous
curve. The desired trajectory is defined as below.

xd(t) =
[
sin( 1

10 t) cos( 1
10 t) sin( 1

15 t+
π
4 )
]T
, ψd(t) = − 1

10
t (41)

The necessary ẋd, ẍd, Rd,Ωd was then found using the method from [5]. Mod-
ifications to the equations were made to fit the NED coordinates.

Two simulations were conducted. Both simulations used the geometric track-
ing controller with the initial conditions set as the following.
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Figure 1: Simulation result with adaptive control law

Figure 2: Simulation result without adaptive control law
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m = 4kg, J =

0.08 0 0
0 0.08 0
0 0 0.14

 , m̂ = 3.6kg, Ĵ =

0.07 0 0
0 0.07 0
0 0 0.13

 (42)

x0 = v0 = 0, R0 = I,Ω0 = [0 0 0]T (43)

kx = 2, kv = 16, kR = 10, kΩ = 1, c1 = c2 = 0.5 (44)

Figure 1 shows the result with the control law of equation 40 enabled, while
figure 2 shows the result with the control law disabled.
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